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Abstract 

Brownian motion is a continuous-time stochastic process with stationary independent 

increments. In biology, Brownian motion is common due to thermal fluctuations. However, in 

macroscopic view motors are often unidirectional, and scientists propose that non-

equilibrium fluctuations can bias the Brownian motion of particles. Many protein-based 

molecular motors can be Brownian motors. In this paper I will review several relevant 

researches simply one and two state models regarding one direction, more theoretical models 

for potentials and forces, and possible cooperation of several motors.  

1 Introduction 

In a microscopic view, thermal fluctuation, or thermal noise, becomes non-negligible. From a 

quantitative analysis to get the order of magnitude, the power of thermal noise is around 10^-8 

W while the chemical power from APT hydrolysis is only 10^-16 to 10^-17 W, which is 10^8 

times less. Thus for molecules to move in a certain direction is like for human to walk in a 

hurricane [1]. Nonetheless, small molecules and microns in the low Reynolds number world 

managed to harness thermal noise to move. Molecular motors that moves unidirectional 

under thermal fluctuation are called Brownian motors. It is important to study not only for 

understanding how stochastic process of biology in Nano-scale is in fact organized and 

directed by the thermal noises; but also can be useful to inspire nanotechnology in using the 

noises rather than try to avoid it.  

After Brown first observe pollens moving randomly under microscope, the random motion by 

molecules were start to develop. One very important postulation of the existence of 

molecules was proposed by Albert Einstein in 1905. By analyzing the motions of pollens, he 

successfully deduces the Einstein Relation. ! (The diffusion rate is related to the 

thermal dynamics and the frictional forces, and it bridges microscopic world with 

D = μkBT .  



macroscopic world). Few years after, Langevin comes up with equation that describes the 

Newtonian motion of particles in the drag force and with the existence random forces.  

!  

One of the most famous ideas is known as Feynman’s Ratchet and Pawl [2]. The idea of the 

ratchet is as following: suppose there is a ratchet in one chamber and connects to another 

ratchet with pawl on it and can only goes on direction, and with enough particles that 

randomly hit the one ratchet, there is a probability that the ratchet will move in that direction 

and do the work. Thus it seems that it violates the second law of thermal dynamics as a 

perpetual motion machine. However, Feynman points out that it will not be possible if there 

is no temperature difference between two chambers. The major problem is that the pawl is 

also in the same scale and will have random motion, thus cannot assure that the ratchet only 

goes one direction. Thus, in addition to asymmetric structure of a device, we also need 

external voltage or forces to assure that the ratchet will only go one direction. 

Many researches have devoted to study Brownian motors. As for modeling the unidirection 

using probability, one state model, and more complicated version, two-state model, were 

proposed. To model the mechanism of unidirectional flow driven by external fluctuations or a 

non- equilibrium chemical reaction, several approaches were made, such as “Flashing” 

Ratchet analogy considering fluctuating potential, “Rocking” Ratchet relating to the 

fluctuating force, diffusion equation, and thermodynamics relating chemical reaction. 

Regarding the shape of Brownian ratchet, two simplified model for ratchet were proposed. 

Also the cooperatives through multiple motors were examined. It is also very interesting to 

model directly using statistical Brownian motion and its time evolution, but the math behind 

it becomes more complicated. Thus, the main purpose of this paper is to summarize and 

researches on Brownian motor through different aspects using physics models.   

2 Models using rate concentration 

2.1 Estimations for Force 



Many cells do mechanical work and thus require fuel, and the fuel that we have known the 

best for organisms is ATP. To overcome the thermal noise, commonly motors need two 

conditions: first is the structural asymmetry that determines the direction. For example, 

myosin this is provided by the polarity of actin filaments along which it moves, and as for 

kinesin and dynein, they transport cargo along microtubules. 

To get a rough idea about the motion, we will first do some estimation. According to 

scientific measurements, a typical step size for kinesin is around d = 8 nm [3], and the energy 

released by hydrolysis of one ATP molecule in vivo is about ∆G = 12kBT. (Some textbooks 

use 20 kB T, but there is not a difference in order of magnitude). Suppose that the energy 

released by hydrolysis of a single ATP is completely used up by a single motor without loss 

to move an object against a uniform force F, then the maximal possible force of Fmax = ∆G/d 

≈ 6.2 pN. However, in reality the ATP is hardly used in a hundred percent efficiency. The 

efficient can be informed using some deductions and measurements.   

2.2 One state model 

The simplest way to capture the essence of molecular motor’s biased random walk is to 

model with only one state, namely, the different coefficient that corresponds to whether the 

motor goes left or right. If we denote the forward rate constant by k+ ( f ) and the backward 

rate constant by k_( f ), which two are also a function of force, then the Master Equation for 

the probability that combines three states (go left, go right and stay) will be 

! . 

Through Calculation, thermodynamic relation requires that , where u0 

is equal to the step size. [4] From Boltzmann distribution for thermal dynamics, we can relate 

forward and backward constant with free energy 

! . 

One important point for the simple one-state model is that the forward and backward constant 

might be the same so that a Brownian motor could go a random walk. To ensure that the 

partial goes to one direction, we must assume that forward and backward rate constants are 

different arbitrarily.   

p(n, t + ∆ t) =  k+ ∆ tp(n − 1,t) + k− ∆ tp(n + 1,t) + (1 − k+ ∆ t − k− ∆ t)p(n − 1,t)

v =  u0[k+(f ) − k−(f ) 



Remarkably, we can set either direction to be force independent for more simplification. By 

plotting both situations, one can find that for large enough force the motor can star to move 

backwards (which was single molecule experiment found in kinesis and myosin V). Also 

interestingly, when plotting the force that depends on backwards direction, it is consistent 

with what has been tested on myosin V. Thus even though for this very simple model we can 

predict how velocity might depend on ATP for certain type of motors. Nonetheless, the one-

state model is only the first step that approximates the true condition of motors. And two-

state model is slightly more complicated by also catches more information.  

2.2 Two-state model 

What has been added in this model is mainly another two different internal states. As for  

Brownian motors in reality, the “internal conformational transitions associated with ATP 

hydrolysis are coupled to a protein conformational change that generates a s ingle step along 

the substrate and also to a change in the affinity of the motor head for its substrate” . [4] 

Unlike that we need to state how forward constant is different than backward, here we see the 

difference arises naturally.  

!  

Above is an Figureof how the internal state of a motor can be changed regarding different 

directions. Here k+A and k-A are the rate constants for transitions between states at the same 

site and k+B and k-B are the rate constants for inter-site transitions. And a is the step size. The 

probability of being in state 1 or state 0 is as following. [5] 

! , !  

And the average velocity can be simplified as 

!  

Similar to the one-state model, we can calculate the ratio of forward and backward constant: 



! . 

One experiment using molecular force clamp to exert force kinesin, and plot the motors’ 

velocity versus ATP concentration. Using the above model, we can see it correctly predicts 

that velocity saturates when ATO concentration is high, and does not go to zero when ATP 

concentration is low. This suggests that two-state model is a good prediction in this case. [6] 

!  

Even though the two-state model is more realistic, the above analysis does not consider the 

structure of heads of the motor. For real life, some motors have alternation of heads, such as 

myosin V and kinesin, and thus the complete cycle for a two-headed motor consists of two 

steps, one for each head, resulting in the hydrolysis of two molecules of ATP. 

Also, more than two state motors are also studied, but the equation goes extremely 

complicated for equal or more than 4 state. For further reading see Reference [6] 

3 Models related to Structure and External conditions 

3.1 Two-dimensional analog of Ratchet 

!  

k+

k−
=  e(−∆G+aF )/kT



Another paper focuses on how different shape of ratchet would affect the velocity and 

motion. In the figure above, figure C is called AB motor, as the first one is triangular and the 

second one is a bar, and it is a two dimensional representation of Figure a. Figure d resembles 

figure b and is called AA motor since both ratchet have the same shape. The paper works on 

calculation through Boltzmann master equation and then calculates the average velocity for 

two different configurations. The result is as following. [7] 

!  

Here the temperature is noted in the figure. M is the motor mass. The conclusion to be draw 

from the result is that the AA motor always moves in the direction of the arrow. Also, larger 

the asymmetry (smaller angle) of the triangular structure, larger the drift speed. The downside 

of the theory is that the agreement between the theoretical results (7) and (8) and the 

computer simulations is only qualitative, as the theory predicts speeds which are typically 

20%–40% lower. Nevertheless, if the magnitude of the velocity is appropriately rescaled, 

then the equation can fit the results.  

3.2“Flashing” Ratchet - A Fluctuating Potential[8] 

!  

The above figure shows that the potential can be systematically on and off in a short period. 

The fluctuation potential is what supports motor to overcome thermal noises. Usually a 

device with spatially periodic voltage or a aligned dipole can be used to analog the voltage 

input. the potential is a sawtooth function. When the potential is turned on, its structure 



results in two legs of the potential. One of length is aL and the force is -∆U/(aL)+ Fext, and 

the other with length L on which the force is ∆U/[(1 - a)L] + Fext. When the potential is off, 

the energy becomes flat with force Fext everywhere. The lower curve shows a Gaussian 

probability function.  

Using this mechanism, both downhill drift and the diffusive spreading of the probability 

distribution are used to get the final result. The motor is more likely to be trapped in the well 

at L if the potential were turned back on. Thus, if the potential is turned on and off cyclically, 

the motor is more likely to go to the right, despite the net force to the left. The mechanism 

illustrated in figure works not against diffusion and thermal noise, but because of diffusion.  

3.3 “Rocking” Ratchet - A Fluctuating Force [8] 

! !  !  

Above figure shows a so called “Rocking” ratchet, which resembles the back and force of 

potential with the limit of ! . The force required for the particle to move to the 

right is greater than the force necessary to move to the left. For figure B as a low-frequency 

square wave modulation, the average velocity is plot versus the maximum force. The 

parameters ∆U = 4*10^-18 J, L= 10 mm, and a= 0.2 were used. For figure C, the relation 

between velocity and the thermal noise is shown. One conclusion drawn from the above data 

is that it may be useful to electronically add noise to the system for some region as the force 

is smaller than the optimum (F=1.5pN) 

4. Cooperation 

Motors do not always work alone. In fact, many motors such as kinesin and dynein have 

cooperative works that can furfure facilitate the velocity and gain higher efficiency. One 

paper studies the transport of cargo particles pulled by several molecular motors 

cooperatively. The main conclusion is that an increase in the maximal number of motor 

±x Fmax



molecules can lead to a strong increase of the average walking distance (or run length) of the 

cargo particle. Also, if the cargo particle is pulled against an external load force, this force is 

shared between the motors can provide a nontrivial motor–motor coupling and a generic 

mechanism for nonlinear force–velocity relationships. Another consistent finding is that the 

force–velocity Curves of two and three motors is significantly higher in both measured 

velocity and computed force. It also suggests that motors can work cooperatively to attain 

higher transport forces and velocities.[10] 

Discussion 

In this Lecture Review, I first went over the early development of Brownian motors. Then I 

summarized several simple biophysical models that were proposed by researches. 

Interestingly, after the broad use of single molecule technique around 2000s, there are not 

many new findings regarding Brownian motors. One possible reason is the limitation of 

image and technique resolutions for nanoscales. Again, fluctuation in small scales is non-

negligible. It becomes troublesome for not only biophysics researchers, but also Nano 

engineers. One reason that we needs future research on the Brownian motion is to learn how 

to harness the noise rather than try to eliminate it, since the later is much more difficult. We 

can hope that in the future, thing in the nano-scale will be fully understood, and this will not 

only benefits our understanding of biology, but also will be useful in applications.  
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